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An analytj.ca1 expression has been derived for an effective thermal 
The solution of an inverse conduction of bodies of various structures. 
problem is considered, i .  e. the determination of the structure of a body 
by an effective coefficient of thermal conduction. 
Consideration is also given to a possible structure of the lunar sur- 
€ace layer, based on the analysis of ratljoastronomical data relative to the 
parameter Y= (XPC)-~'~ and some additional assumptions. 
* 
3; * 
The study of generalized conduction (thermal conduction, electrical 
conductivity and others) of diphase system was performed by numerous inves- 
tigators. Analytical dependences are proposed, which link the physical and 
structural parameters with the effective transfer coefficients for separate 
forms of diphase systems' structures [l - 41, such as the granular structure 
of a solid with closed and communicating pores. 
The solution of the inverse problem is of interest; namely, the deter- 
mination by the effective transfer coefficient (for example, the effective 
heat conductivity of a diphase system) of its structure. 
has arisen, in particular, when studying the structure of the surface layer 
of the Moon. 
lunations, the following value of the parameter Y was obtained:[S]: 
Such a problem 
According to precision measurements of temperature during 
1 
y = (Xpc).- f - 400 
Assuming the density of lunar matter from the surface layer 
which corresponds to the density of terrestrial volcanic rocks ( such as tuff) 
p > 0.4 g cmq3, 
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2 .  
and the heat capacity of the Moon's matter 
.kg-l deg-', we find by the value of Y the el'i'cctive heat conductivity of the 
matter of Moon's superficial layer: 
c ' ~ 0 . 2  ca1.g-l deg-'= 840 joule. 
A = 8 cal*sec-lan-l.deg-l = 0.035 w.m-l-deg-1. 
Let us compare the obtained value of the effective heat conductivity with 
the heat conductivity of various structures i n  conditions of deep vacuum. The 
heat conductivity factor for a mineral dust i n  vacuiun and normal temperature 
oscillates within the limits from 0.003 t o  0 . 1  w-m-1 deg-1 18, 91; that of a 
highly porous so l id  in vacullm for a density (1 ~ 0 . 4  iO,h  g.cm-3 varies within 
the limits from 0.07 to 0.7 w - m - 1  deg- l .  (:oiisequcntly, for the lunar surface 
layer it should occupy an intermediate position between the heat conductivity 
factors of mineral dust and of a solid porous body of mineral origin in condi- 
tions of deep vacuum. 'These results allow us to assume the existence of inter- 
mediate structures, which in the following we s h a l l  designate as "dendritic". 
A sketch of such a structure is given in the 1;ig.l , where the dendritic struc- 
ture is represented in the form of a solid body with conununicating pores (Fig.la) 
of which the skeleton consists ofbeams with variable cross section. 
The dendritic structures may be obtained artificially. Description of expe- 
riments is brought out in the work [ 6 ] ,  in which "caking" of separate particles 
of granular systems into conglomerates is observed in conditions of deep vacuum 
and at temperatures of the order of 500°K. At the same time the surface of the 
contact along which "caking" of particles takes place is lo2 +lO4times smaller 
than the area of their maximum cross section. 
Let us find the effective heat conductivity of a dendritic structure in 
conditions of deep vacuum 
at temperatures from 0" to 300'K. In this case the radial and molecular heat 
transfer is negligibly small by comparison with the heat transfer through the 
hard skeleton. To facilitate the calculations we shall take advantage of the 
notion of "elementary mesh" (of minimum volume, maiqtaining all the properties 
of dendritic structure), by multiple repetition of which it is possible to 
obtain a system with dendritic structure [ 3 ] .  
(the gas-filler pressure in pores is < 1 -10 4 mm Hg) 
To begin with we shall consider thc effective heat conductivity of a solid 
with communicating pores, of which the skeleton consists of beams with constant 
cross section (Fig.la). 
The effective heat conductivity of such structures in conditions of deep vacuum 
may be determined by the formula [3] 
The shape of the elementary mesh is shown in Fig.2a. 
(1) 
2 
Aeff = AIX 9 x = A/L, 
where A 1  is the heat conductivity o€ skeleton's material, A is the dimension of 
of bearrz's cross section, L 
Parameter x depends unambiguously on the porousness of the material; this depend- 
ence is brought up below (see (8)). 
is the dimension of the elementary mesh (see Fig.lb). 
In real diphase systems pores are chaotically distributed by volume. Such 
a system may be schematically represented in the form of cubic skeletons shifted 
relative to one another (Fig.lc). An elementary mesh of such a structure is 
3. 
represented i n  I:ig. 21). 
the total cross section of a bean1 with the area 'I'he shift of pores 
increases the path length of the thennal f lux  aloiig the conducting phase, i. e. 
along the s o l i d  skeleton, increasing by the same token the thennal resistance 
of the el einciitary mesh. 
'l'lie thennal flux enters the elementary nlesh through 
S,,, =A2.  
Fig.1. 
ture of a solid with communicating pores : 
Schematic representation of the struc- 
a) 
tion;b) skeleton of beams with variable cross 
section; c )  skeleton of the type a, but with 
pores shifted relative t o  one anoiher. 
skeleton of beam with constant cross sec- 
Let us conditionally break down the beams in the elementary mesh into se- 
parate parts (1 - 5) (Fig. 2t;) and compute their thermal resistances, assuming 
that the lines of the thennal f l u  in separate beams are mutually parallel. 
In this case the thermal resistance of separate parts of the mesh may be deter- 
mined according to the formula for a plane wall: 
where Li and Si 
of the i-th part of the mesh,Al is the heat conductivity of the skeleton. 
are respectively the length and the area of the cross section 
. 
4 .  
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Fig.2. Elementary mesh for different structures 
a) structure of Fig.la,b;b) structure of Fig.lc; 
c) scheme of combination of thermal resistances 
in an elementary mesh 
e 
From Fig. 2b and iornula (2) i t  rrray be seen that 
The scheme of the combination of thermal resistances of separate parts q, 
The total (effect- entering into the elementary mesh is represented in Fig.2~. 
ive) resistance Reff of an elementary mesh is not difficult to determine: 
From Eqs. (3) and (4) we obta in  
Yff' Of anIf we utilize the notion of- effective heat coridcictioii factor ( mentary mesh, its thermal resistance may be represented in the om 
where Leff and Seff 
Equating Eqs. (5) and (6), we obtain the expression for the effective heat 
conductivity of the skeleton with beams of constarit cross sections with shifted 
pores : 
are the length and the area of' the elementary mesh. 
7 
( 7 )  
At the same time parameter x 
sity p by the dependence [q 
in formulas (1) arid (7) is linked with the poro- 
- 
P 1  
- 
Vpor p = 1 + 2 x  - 3 x ,  p =  _ -  
v P 2  where V 
volume Bprthe body; p and p 2  are the volumetric densities of the porous body 
and of the skeleton. 
The accounting for pore shift in a solid body with communicating pores 
decreases the effective heat conductivity; the values of A, fcomputed by formu- 
not intermediate 
and V are respectively the volume of pores in the body and the total 
las (1) and (7) differ by less than 30%. Consequently, SUC i structures still are 
between the granular system and a solid porous body. 
The cases considered refer to structures with beams of constant cross sec- 
tion. In dendritic structures the area of conducting phase's cross section 
* 
. 
a t  inlet 'and out le t  a r c  respec t ive ly  TI and T2 ,  
arid the thernial f l u x  capacity is P, the ther-  
mal resis tance I? ol tlie cylinder is by de f i -  
n i t i on  
1 (11) r ,  - t  f )  R -  
J 
6. 
I 1  
vary sharply, foniiing iwc111 ia r  narrowings - a so r t  of neck. 
the thermal f l u x  enters  the elementary mesh and e x i t s  €ram it only through the 
neck w i t h  cross section area 
area S, = A2 (F ig .2b) .  Let us subst i tute  the skeleton of. the elementary m.sh 
consisting of beans wi th  coilstant cross sect ion,  by a cylinder o€ reduced length 
I ,  whereupon the tlieniial resistance of such a cylinder,  Rc 
fec t ive  theimial resisttarice Reef of the e l e ~ ~ e n t a r y  mesh: 
Assume ROW tha t  
S, = Sneclc = a2, sriialler than the cross section 
is equal t o  the ef- 
(we sha l l  consider tha t  S ,  = A' , hC: A 1  ) . 
pression fo r  the 1.ediiccx1 length i o l  the cylinder: 
From foniiula (9) we obtain the ex- 
where n = 2k + 1, k = 0 ,  1, 2 ,  3, ..., P is the t o t a l  thermal flux, S is  
the area of the neck, 1, r ,  b 
cylinder and the radius of the neck, is  the c y l i i d e r ' s  thermal conductivity 
fac tor ,  J is  a Bessel functi-on of f i r s t  order of imaginary argument, K, is 
a Machnaid function of f i r s t  order. 
are respectively t h e  length and the radius of the 
From expressions (11) and ( 1 2 )  follows 
7 .  
The values of the function 
of relations b/r and r/i , are represented in Fig.4. 
@ (b/r, r/l ) , computed by formula (11) for a series 
Fig.4 Graph of the function (r/l, b/ r )  
Let us substitute the cylinder ,g by a beam of rectangular cross section, 
at the basis of which lies a square with the side A ,  
the thermal flux enters and departs from it through the transverse cross sec- 
tion of a square with side a. 
function Q(b/r, r/l ) = @(S/A, A//  ) characterizes the variation of beam’s re- 
sistance on account of the variation of the transverse cross section. 
and let us consider that 
At the same time nb2 = a*, nr2 =a2 .  Then the 
The value of the thermal resistance R,  of the beam of constant cross sec- 
tion may be determined by formula (5): 
Ro -- l jh,S, ,  = l / h , (P .  (15) 
I 
8 .  
?he value 01' the t l i e ~ a i a l  resistance o f  the I)em wi th  b ; i i . i ; i l i l e  cross section 
i s  deteiinined from expressions (13) and (15) : 
The ef fec t ive  resistance 01' an elementary mesh fo r  a system with pore s h i f t  
and beams of variable cross section may be expressed in  the form (see Fig.2b) 
lleff = 2/Aeff L .  (17) 
Equating (16) and ( 1 7 )  as was done in  the case of pore s h i f t ,  we sha l l  obtain 
the expression for the ef fec t ive  heat conductivity of dendri t ic  s t ruc ture :  
For snail values ol' y (beginning w i t h  y 6 5 * l o d 2 )  the determination of 
the function S(y, A / ( )  lrom t h e  graph leads t o  a great  e r ror .  To diminish it 
the dependence between 
t ion  of the €om 
0 (y ,  A l l  ) and y may be approximated by a l inear  func- - 
I t  follows from Eqs (18) and (19) that  
A l l  the  above rmalytical dependences r e fe r  t o  a model of dendri t ic  s t ructure  
with mono 1 i t h  ic  s ke 1 e ton. 
Let us consider now a dendrit ic s t ruc ture  having a porous skeleton with 
communicating pores of second order of smallness (s t ructure  close t o  the natu- 
r a l  volcanic t u f f ) .  
p i n to  the external p1 and the internal p2 : 
Let us subsdivide the t o t a l  porosity of the diphase system 
P = PI + P2 (21) 
where 
V being the volume of a l l  pores, Vpor tha t  outside the skeleton, Vpor 
&:'volume of pores inside the skeleton. 
ary mesh. 
V i s  the t o t a l  volume of an element- 
Let us introduce the notion of  skeleton porosity 
Psk ='par 2 / vsk, 
where Vsk is  the t o t a l  volume of the skeleton. 
0 
I 
4 9. 
I t  may be shown that  
Then the calculation of the effect ive heat conductiv t y  is perFor-ined in  two 
s tages .  
is  determined by forinulas (7) and (8) as  a function 
The value obtained for the heat conductivity of a hard skeleton A s k i s  s u b s t i -  
tu ted  in to  formula (18) instead of A 1  and the e f fec t ive  heat conductivity of 
the dendr i t ic  st-r-ucture i s  determined as  a whole. E q .  (7)  may then be wr i t -  
ten i n  the fonn 
In the f i r s t  stage the heat conductivity of the porous sheleton 
f i t s  porosity Psk. 
and the e f fec t ive  heat conductivity (18) may then be expressed as follows: 
where x1 is the root of E q ,  (a),  composed f o r  p = p1 , x2 is the root of 
Eq. (8) f o r  p = psk. * l'hen Eq.  (23) takes the form 
D: -2P, + P = 0 ,  
whence it follows tha t  
r-- 
p I = l -  1/ 1--p * 
Taking in to  account the condition 
minimurn value oP the e f fec t ive  heat conductivity: 
p1 = Psk, we obtain from forniula (25) the 
Let us perform by the method proposed the calculat ion of the e f fec t ive  
heat conductivity of a volcanic tuff i n  vacuum. A d i rec t  consideration of a 
volcanic tuf f  with the a id  of a stereomicroscope has shown t h a t  the t u f f  has 
a dendri t ic  s t ruc ture  and a The heat conductivity of a vol- 
canic tuf f  is A, = 2.5 w-m-l deg-l the volume density of the skeleton without 
pores is p1 = 2.5 . l o  kg-m-l The most probable density of the tu f f  i n  
"lunar conditions" would be p = 400 5800 kg m - l  [ S I .  
is performed according t o  formulas (8) and (18) for  various values of y.  
r e s u l t s  of the calculat ion of A ==A(p)are p lo t ted  i n  Fig. 5. 
A s  an example w e  sha l l  consider the calculat ion of the dependence of 
Aeff = ~ ( p )  f o r  the case P=SOO kg.m-l , y = 0.3. 
mine the general formula of tu f f  porosity : 
porous skeleton. 
[lo!. 
The calculat ion of Xeff 
The 
By formula (10) we s h a l l  deter-  
* 
t i c  system, and the minimum, ~ f f l r , i r l  s obtained f o r  p1 = Psk. 
Because of the subdivisions we obtain d i f fe ren t  values for  & y  of a dendri- 
10.  
From Eq.  (8) w e  f i n d  the value x = 0.49 corresponcliiig l o  Iwrosiiy 
by foniiulas (1) ancl C 10) , the value 
magnittide of narrowings 
p1 . and 
A / i  = 0.195. 'l 'lieii, i i b s  i gni 11g t h e  relative 
y = 0 .3 ,  we find by the grqili of 1:ig.d the value 
By Tormula (7)  we f i n d  f (x)  = 0 . 8  and by for-iiiuia ( 2 7 )  we sha l l  determine 
the iiiiniiiiuni value of  the et-l'ective heat conductivity of thc chosen s t ruc ture :  
As recalled aliove, the resu l t s  o €  astrophysica I iiieasurements of the quan- 
t i t y  y and the asstuliption re la t ive  t o  the density and the heat conductivitv of 
the l~u-mr surface layer's matter w i l l  lead t o  the values of  the e f fec t ive  heat 
condiictivity l a c t o r  At'(!' = 0.04 w-m-l-deg-]. 
narrowing y ,  it i s  possible t o  obtain the various values of 
when y = 1, ~ ~ f l -  I0 .09;  
for  y = 0.001, X e f f  =0.001). 
the intermediate values of the effect ive heat conductivity factor  from a so l id  
body with communicating pores and skeleton with beans of constant cross  sect ion 
t o  granular systems. 
Choosing othcr values of re la t ive  
heff  ( for  example, 
f o r  y = 0 . 1  , xeff =0.02;  for  y = 0 .01 ,  heeff= 0.01; 
In other words, it is possible t o  encompass a l l  
'The solution 01- the inverse problem (determination of body'3 s t ruc ture  by 
i ts  e f fec t ive  heat conductivity) requires additional data on the s t ruc ture  of 
the body: 
value of skeleton narrowing and so for th .  
one parameter Aeff 
it is necessary t o  make assumptions about body porosity,  the relative 
Consequently, the knowledge af  cjnly 
does not allow us t o  bring fo r th  an ummbiguous iillgment 
Nevertheless, the method considered above may the  s t ruc ture  of the body. 
eventually useful i n  the- case of  COT 1 .ex study of the problem. 
Fig.5. 
the e f fec t ive  t u f f ' s  heat conducti- 
v i ty  on the density and the form of 
Graph of the dependence of 
the s t ruc ture  
11. 
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